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ABSTRACT

An example is given of a ring R (with 1) satisfying the standard identity
Se[x1,..., %] but M:(R), the 2x2 matrix ring over R, does not satisfy
Siz[xi,..., xi2]. This is in contrast to the case R = M, (F), F a field, where by
the Amitsur-Levitzki theorem R satisfies S, [xi,..., x2.] and M:(R) satisfies
S4,. [X), ey x,.].

§0. Introduction

The fundamental theorem of Amitsur-Levitzki states that R = M, (F), the
n X n matrix ring over a commutative ring F, satisfies the standard polynomial
identity S;.[x1, ..., x2.] (.., [7, p- 21]). Consequently M., (F) = M(R) satisfies
the standard identity S..[xi,...,xs.]. This leads to the following natural
question:

Let R be a ring (1 € R) satisfying S,.[x1,..., x2.], does M,(R)= (% §) satisfy
S4n [xh L] x4n]?

Regev [6, p. 506] obtained a positive result to an analogous question; he shows

THEOREM. Let R satisfy ci.1, the k +1 Capelli polynomial. Then M»(R)
satisfies Cax+1.

In fact he proves much more: If S is any Q-algebra satisfying c.., then R® S
satisfies Cis1-

This is an analogous result since the minimal Capelli polynomial which
R = M, (F) satisfies is C,2.1; now replacing n by 2n will give € nys1 = Can?+1, the
minimal Capelli which M,(R) satisfies.

' Part of this work was done while the author enjoyed the hospitality of the University of
California at San Diego, the University of Texas at Austin and the University of Washington at
Seattle.
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We shall show that the answer to the above-mentioned question is negative. In
fact we have

THEOREM. There exists a finite dimensional algebra R over a field F
(char F# 2,5), satisfying Se[x,. .., xs], but My(R) does not satisfy the standard
identity Slz[xl, ey xlz].

The proof depends upon the identity S¥[x{",x% xs,...,xs] (see §1 for
definition), its vanishing on M,(F) and on certain results in [1, Thm. 1.15], where
Sh[xi”, x, x5, ..., x¢] was originally defined.

As a corollary we obtain a counter example to the “‘generalized Bergman and
Small question” ([1, 1.17]). More precisely, we have

THEOREM. There exists a finite dimensional algebra R, over a field F, 1 € R,
such that

(i) R satisfies Se[x,, ..., xs],

(i) p.id. (R/M)=2 for every maximal M in R,
but R is not an Azumaya algebra.

In fact the algebra R appearing in the previous theorem will do.

§1. Proof of main result

Let Sp[Xt,.. s Xm] = Zoesn (— 1) Xoq)" * * Xo(my be the m-th standard identity,
where 2,,. denotes the symmetric group on m letters and (— 1) denotes sg o, the
signature of ¢ €3,,,.

Let SX[x?,x?,..., x.] denote the sum of all the terms in S.[X,..., %]
where x, appears to the left of x,. We have

1) ShlxM x? . xn] SEEY X Xay e X | = S [X1y s X ),
Shlx, x2 x5, 0, xm]

@)

= 'ZZ (_ l)i'IXis'*"—l[x(ll)’ cevy Xy, x,,,]+ xis,,,_,[xz, ey x,,,],

SHx, xP x,..., xm]
= ; (D) SE xS Xy X X (= 1) S (X, Xay e X X5
i 2

this is just the analog of the Laplace expansion of S.[xi,...,Xm].

3) SE[xS, X2, Xogyy v o5 Xopm) = (= 1) S KX, x2, x5, ..., X ]
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where o €3,... This is proved exactly as the analogous statement for
Sw[%1,. .., Xm] (e.g. [5], p- 16). SE[x", x¥, x5, ..., x..] was first introduced in {1]
where the following is proved (Theorem 1.15(1)).

ProPoSITION 1. Let R be an F-algebra, 1 € R, and satisfying S... Suppose that
for every maximal ideal M in R, R/M does not satisfy Sy, s, where n Z6 and
char F#2,5. Then R is Azumaya. If rank(R /M) = k* for every maximal ideal M
in R, then rank(R)=k’.

The next lemma is a technical result we use, the proof of which we postpone to
the end.

LEMMA 2. Let F be a commutative ring and M,(F) be the 2 X2 matrix ring
over F. Then S¥§[x,...,xs] vanishes on M,(F).

We shall use N(R) for the nil radical of R and M, (R) for the d X d matrices
over R.

ProprosITION 3. Let R be a finite dimensional F algebra, 1€ R, such that
R/N(R)= M, (F) and satisfying N(R) ={0}. Then R satisfies S..[x\,..., %]
provided R/N(R) satisfies Si[x$", x, x5, ..., X ].

Proor. By the Wederburn principal theorem R = A ¢ N(R), where A =
M, (F). Also by [2, p. 54] N(R)= N* ®+A, where N* ={n € N(R)| na = an,
a € A}. Consequently R =M, (FP N*)=M,(F)Q (FH N*).

We shall prove that S,.[xi,...,xs]=0. By the linearity of S..[xi,..., x.] we
may assume that x; = ac; where a, EA,and . EForc, EN*, i=1,...,m If
Cis Coy €- € N for some three indices, then N’ ={0} implies the vanishing of
S [x1,..., %] =0. Suppose that two of the indices c,, c, are in N*, say i, =1,
i» =2, Thus, by (1)

— 1 2) 1 2)
S X1,y Xm | = Sh[x, X, X0y o X | = SEXD, X x5, .01, X
_ n @ | 2
=cic;Sh[al,a?, cas,...,cnan]— c;c18*[ad,a?, caas,. .., Cmm]
=0

where the last equality holds since S%[x{", x%, xs,..., x..] vanishes on A, and

observing that x; = ai;c; € A for i =3,..., m. If only one of the ¢;’sis in N*, e.g.
i=1, then, x, EA for i =2,..., m and consequently

S,,, [X[,. .. ,x,,,] = S,,. [c.a., Caly, . .. ,c,..a,,.] = Clsm [al, C2Qz, ..., c,,.a,,.] = 0,

where the last equality holds since S[x{", x{, x5, .., x,.] vanishes on A and by
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(1)so does S [x1,...,xx]. Finallyif ci,..., ¢ are allin A, then x,,..., x,, are in
A and the previous reasoning holds.

We shall now prove, using Theorem 2, our main result.

THEOREM 4. There exists a ring R, 1 € R, satisfying the standard identity
Se[x1,. ... x5] but Ms(R), the 2 X 2 matrix over R, does not satisfy Si2[x1,. .., X12].

Proor. Let C be a finite dimensional algebra over a field F (char F# 2,5),
satisfying the following properties.

(i) 1€, C is not commutative.

(i) N(C)'={0}, N(Cy #{0}, and N(C) is the unique maximal ideal of C.

(iii) C/N(C)=F.

It is an easy exercise to produce such a C. Let R = M,(C). We have
R = My,(F)®rC. Observe that

N(R)= M:(N(C)) = (N(C) N(C)) .

N(C) N(O)
Consequently N(R) ={0}. Also R/N(R)= M(F) and therefore satisfying

Stx{", x, x5,.. ., x5]. Now Proposition 3 implies that R satisfies Sq[x,, .. ., Xs}.
We shall now show that M>(R) does not satisfy S.z[xy, ..., x12]. Indeed N(R)
being the unique maximal ideal of R, implies that M>(R) has a unique maximal

ideal

N(R) N(R)

MV~ (NR)  N(R)

)= NoMR)),
and M(R)/M(N(R))= M,(F).

Suppose that M,(R) satisfies Si:[x,,..., x:]. Then by Proposition 1 (n = 6)
and the previous isomorphism, M>(R) is an Azumaya algebra of constant rank
4’. Consequently, R is an Azumaya algebra of constant rank 4. This implies by
[3, p- 160] that C is commutative, a contradiction.

ProOF OF LEMMA 2. Given x,,...,%; in M,(F) we may assume, by the
linearity of St[x{", x5, x5, xs, x5, x4}, that x; is a basis element for i =1,...,6.
Also by (3) if x;=x for i#j and i,j=3 then S&[x{,x®, xs...,%]=0.
Moreover (3) implies that if S¥[x{", x, x5, x4, x5, X, = 0 for some choice of xs,
Xi, Xs, Xo then SE[x(", xP, X0y, Xowy Xos) ¥o] =0, for every permutation o.
Consequently we need only check that S¥[x{",xP e e, e,1]1=0
(eu, €12, €21, 1 is a basis for M,(F)).

Finally, as for the usual standard identity (e.g., {7, p. 103, Ex. 1.2(3)]), one has
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that for every even m, Si[x{",x?,x;,...,%.-1,1]=0, in particular
1 2
s:[x(l ), x$ ), €11, €12, €21, l] =0.
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